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Nonlinear Behavior of Thick Composites
with Uniform Fiber Waviness

Heoung-Jae Chun¤ and Jai-Yoon Shin†
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A constitutive model was proposed to study the effects of � ber waviness on the elastic properties and nonlinear
behaviorofunidirectionalcompositesunder tensile, compressive, and � exural loadings.The material andgeometric
nonlinearities due to � ber waviness were incorporated in the analyses. Specimens with various degrees of � ber
waviness were fabricated. Tensile, compressive, and � exural tests were conducted to verify the predictions obtained
from the model. Experimental results were in good agreement with the predictions.

Nomenclature
Ai j , Bi j , Di j = average stiffnesses of a representative

volume element
ai j , bi j , ci j , di j = average compliances of a representative

volume element
al = amplitude of � ber waviness in the lth

thin slice
ad

x x , bd
x x , dd

x x = differential compliances of a representative
volume element

(C ¤ ¤
pq )l = off-axis stiffnesses of an in� nitesimally

short subelement of the lth thin slice
dSl , Sl = � ber length in an in� nitesimally short

subelement and � ber length in the lth
thin slice

Ex , (Ed ¤ ¤ ¤
x )l = Young’s modulus and tangentialYoung’s

modulus in the lth thin slice
h = laminate thickness
N , M = force and moment resultants
Qe ¤ ¤

i j = plane-stress moduli neglecting
the higher-order stress terms

(Q ¤ ¤
i j )l = plane-stress moduli of an in� nitesimally

short subelement of the lth thin slice
[R] = Reuter matrix
Si j , Siii , Siii i = compliances
[S ¤ ], S ¤

i j = on-axis compliance matrix and elements
[S ¤ ¤ ] = off-axis compliance matrix
[S ¤ ¤ ¤ ] = off-axis compliance matrix under

x-direction loading
(S ¤ ¤ ¤

i j )c = average compliances for a representative
volume element

[(S ¤ ¤ ¤ )l ], (S ¤ ¤ ¤
i j )l = average compliance matrix and elements

in the lth thin slice
[T ] = transformationmatrix
W ¤ = complementary energy density function
zl = distance from the midplane to the lth

thin slice
D e x x , ( D e x x )l = incremental strain along x direction
( D e f )l = incremental average � ber strain in the lth

thin slice
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D j x x = incremental curvature in a representative
volume element

( D r x x )l = incremental stress in x direction
for the lth thin slice

e i j , [e ]1,2,3 , [e ]x , y, z = strains
( e f )l , ( e f )l = � ber strain of an in� nitesimally short

subelement and average � ber strain
in the lth thin slice

[( e )l ]x , y, z = strain in the lth thin slice
e 0 = effective middle surface extensional strain

in a representativevolume element
[e 0]s = middle surface extensional strain of an

in� nitesimally short subelement
h , h l = angle between the tangent to the � ber

and x axis
j = effective curvature in a representative

volume element
[ j ]s = overall laminate curvature of an

in� nitesimally short subelement
k l = wavelength of � ber waviness in the lth

thin slice
m x y = Poisson’s ratio
r i j , [r ]1,2,3 , [ r ]x , y, z = stresses
[( r )l ]x , y, z = stress in the lth thin slice
s i j = shear stresses

Introduction

F IBER waviness is one of the manufacturing defects frequently
encountered in thick composite structures. It results from lo-

cal buckling of prepregs, or from wet hoop-wound � lament strands
under the pressureexerted by the overwrapped layers during the � l-
ament windingprocess,or from laminationresidualstressesbuilt up
during curing. Its characteristicscan be representedby the thickness
undulation of � bers within a thick composite laminate.

A number of studies have been conducted on the behavior of
thick composites with � ber waviness. Shuart1 considered both in-
plane and out-of-plane� ber waviness in a microbucklingmodel for
multidirectional laminates. Bogetti et al.2 applied laminated plate
theory to a model to predict stiffness and strength reduction due
to layer waviness. Telegadas and Hyer3 conducted � nite element
analyses on composites with � ber waviness. Chou and Takahashi4

predicted the tensile stress–strain response of � exible wavy � ber
composites. Hsiao and Daniel5 ¡ 7 investigated the effect of � ber
waviness on compressive behavior of thick composites. However,
integrated studies of the effects of � ber waviness on nonlinear be-
havior of unidirectionalcompositesundervarious loadingshave not
been conducted.
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In this study, the nonlinear behavior of thick composites with
� ber waviness was investigated theoretically and experimentally
under tensile, compressive, and � exural loadings.

Analysis
Unidirectionalcompositesexaminedare composedof continuous

� bers with sinusoidal waviness in a matrix. Because of material as
well as geometric factors, the mechanicalbehaviorof these compos-
ites is generally nonlinear under � nite deformation. A constitutive
model is proposedfor predictingthe elastic propertiesand nonlinear
behaviorof compositeswith � ber waviness.Uniform� ber waviness
is assumed in the analysis.

Figure 1 shows a representative volume element encompassing
one period of uniform � ber waviness. It is assumed that all � bers
are parallel to each other and have sinusoidal curvature along one
coordinate direction (x axis). The representativevolume element is
then divided into thin slices along the thickness direction (z axis).
Then each thin slicecanbe consideredas a thin plywith varying� ber
orientation along the x axis. Each in� nitesimally short subelement
in each thin slice can be treated as an off-axis unidirectionallamina.

For the lth thin slice, the � ber orientation is given by

h l = tan ¡ 1[(2p al / k l ) cos(2 p x / k l)] (1)

The complementaryenergy density function W ¤ is used to incor-
porate the material nonlinearity in the model. For nonlinear elastic
composites, the fourth-order expansion of W ¤ is considered:

W ¤ = 1
2
S11 r

2
11 + 1

2
S22 r 2

22 + 1
2
S33 r 2

33 + 1
2
S44 s 2

23 + 1
2
S55 s

2
13

+ 1
2
S66 s 2

12 + 1
3
S111 r 3

11 + 1
3
S222 r

3
22 + 1

3
S333 r 3

33 + 1
4
S1111 r 4

11

+ 1
4
S2222 r 4

22 + 1
4
S3333 r 4

33 + 1
4
S4444 s 4

23 + 1
4
S5555 s 4

13

+ 1
4
S6666 s 4
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The strain–stress relations can be derived from the complementary
energy density as follows:

e i j =
@W ¤

@r i j

(3)

where i, j =1, 2, 3, 4, 5, 6 in contracted notation. If the nonlinear
coupling terms between normal and shear stresses are neglected,
the strain–stress relations referred to material coordinates can be
expressed in the following matrix form:

[e ]1,2,3 = [S ¤ ][ r ]1,2,3 (4)

where the correspondingcompliances are expressed as follows:

Fig. 1 Schematic drawing of a representative volume element and coordinates for unidirectional composite with uniform � ber waviness.

S ¤
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S ¤
22 = S22 + S222 r 22 + S2222 r 2
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For composites with off-axis � ber orientation on the x –z plane,
the strain–stress relations referred to the loading coordinatescan be
obtained by using the following transformation relation:

[e ]x , y, z = [R][T ] ¡ 1[R] ¡ 1[S ¤ ][T ][r ]x , y, z = [S ¤ ¤ ][ r ]x , y, z (5)

where

[T ] =

m2 0 n2 0 2mn 0

0 1 0 0 0 0

n2 0 m2 0 ¡ 2mn 0

0 0 0 m 0 ¡ n

¡ mn 0 mn 0 m2 ¡ n2 0

0 0 0 n 0 m

[R] =

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 2 0 0

0 0 0 0 2 0

0 0 0 0 0 2

where m = cos h and n = sin h .
For composites under tensile, compressive, and constant � exural

loadings,it is reasonableto assume that the loadingscause only nor-
mal stress in the longitudinaldirection. Therefore, all other compo-
nents of normal and shear stress are zero. For a particular thin slice,
the stress components in the material coordinates for the in� nites-
imally short subelement are obtained by coordinate transformation
as

r 11 = m2 r x x , r 33 = n2 r x x , s 13 = ¡ mn r x x

r 22 = s 23 = s 12 = 0 (6)
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From these relations, the strain–stress relations,Eq. (5), for com-
posite materials with out-of-plane � ber orientation are reduced to
the following:

[e ]x , y, z = [S ¤ ¤ ¤ ][r ]x , y, z (7)

The lengthwiseaveragestrain–stress relations for each thin slice are
obtained by integrating the transformed compliances over a period
of waviness:

[( e )l ]x , y, z = (S ¤ ¤ ¤ )l [( r )l]x , y, z (8)

where

S ¤ ¤ ¤
i j l

=
1
k l

k l

0

S ¤ ¤ ¤
i j l

dx

The average compliances for a representative volume element are
obtained by summing the effects of all thin slices:

S ¤ ¤ ¤
i j c

=
1
h

l

S ¤ ¤ ¤
i j l

dz =
1
h

h /2

¡ h / 2

S ¤ ¤ ¤
i j dz (9)

The effective elastic properties for composites with � ber waviness
are obtained by the following relations after dropping the compli-
ance terms of higher order:

Ex = 1 S ¤ ¤ ¤
11 c

, m x y = ¡ S ¤ ¤ ¤
21 c

S ¤ ¤ ¤
11 c

(10)

If the lateral dimensions (x – y plane) of the composite material
are much larger than its thickness (z direction) and the laminate is
loaded only in this plane (x – y plane), it is reasonable to adopt the
classical lamination theory. Stresses in the short subelement at a
distantce zl from the midplane are expressed in terms of the middle
surface extensional strain [e 0]s and overall laminate curvature [j ]s

as follows:

( r x x )l
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( s x y)l s

=

Q ¤ ¤
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0
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0

0 0 Q ¤ ¤
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e 0
x x

e 0
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s 0
x y

s

+ zl

Q ¤ ¤
x x l

Q ¤ ¤
xy l

0

Q ¤ ¤
yx l

Q ¤ ¤
yy l

0

0 0 Q ¤ ¤
ss l s

j x x

j yy

j x y s

(11)

where (Q ¤ ¤
i j )l are plane-stress moduli calculated from off-axis stiff-

nesses (C ¤ ¤
pq )l and [(C ¤ ¤ )l ]s =[(S ¤ ¤ )l ] ¡ 1

s and are given in Appendix
A. The resultant forces N and moments M for a representativevol-
ume element are obtained by integrating the effects for all in� nites-
imally short subelements and stiffness over a period of wavelength.
Thus, the force and moment resultants are obtained as follows:

N
¡
M

=
Ā j B̄
¡ ¡
B̄ j D̄

e 0

¡
j

(12)

where

Ai j =
1
k l

k l

0

h /2

¡ h / 2

Q ¤ ¤
i j dz dx , Bi j =

1
k l

k l

0

h / 2

¡ h /2

zQ ¤ ¤
i j dz dx

Di j =
1
k l

k l

0

h /2

¡ h / 2

z2 Q ¤ ¤
i j dz dx

The effective � exural properties for composite material with � ber
waviness are obtained from the following relations:

Di j =
1
k l

k l

0

h/ 2

¡ h / 2

z2 Q e ¤ ¤

i j dz dx (13)

where [Qe ¤ ¤
i j ] are obtained from [Q ¤ ¤

i j ] in Eq. (11) by dropping the
compliance terms of higher order.

Equation (12) can be expressed in the alternate form through
matrix inversion:

e 0

¡
j

=
ā j b̄
¡ ¡
c̄ j d̄

N
¡
M

(14)

where

[ā] = [ Ā] ¡ 1 + [ Ā] ¡ 1[B̄]([D̄] ¡ [B̄][Ā] ¡ 1[B̄]) ¡ 1[B̄][Ā] ¡ 1

[b̄] = ¡ [ Ā] ¡ 1[B̄]([D̄] ¡ [B̄][ Ā] ¡ 1[B̄]) ¡ 1

[c̄] = ¡ ([D̄] ¡ [ B̄][ Ā] ¡ 1[B̄]) ¡ 1[ B̄][Ā] ¡ 1

[d̄] = ([D̄] ¡ [B̄][ Ā] ¡ 1[B̄]) ¡ 1

Geometric nonlinearity is introduced when the shape of � ber
waviness in a representativevolumeelement is changedduring load-
ing. The � ber length dSl in an in� nitesimally short subelement of
length dx of the lth thin slice is obtained as

dSl = dx2 + dx2 tan2 h l (15)

The total length of � ber in one period of waviness of the lth thin
slice is obtained as follows using the elliptic integral of the second
kind:

Sl =
k

0

dSl =
k l

2 p

1

1 ¡ k2
l

2 p

0

1 ¡ kl sin2 b d b

= k l 1 + 2
k2

l

8
+ 13

k2
l

8

2

+ 90
k2

l

8

3

+ ¢ ¢ ¢ (16)

where cl = (2 p al / k l )2 and k2
l = cl / (cl + 1).

Because kl is smaller than 1, this series converges. The strain in
the � ber direction of an in� nitesimally short subelement is given in
terms of strains along the loading coordinates by

( e f )l = cos2 h l ( e x x )l + sin2 h l( e zz)l + sin h l cos h l( c xz )l (17)

The average � ber strain in the lth thin slice along the � ber direction
is obtained as

( e f )l =
1
Sl

Sl

0

cos2 h l ( e x x )l + sin2 h l ( e zz)l + sin h l cos h l ( c x z)l dSl

= S ¤ ¤ ¤
13 l

+ S ¤ ¤ ¤
11 l

¡ S ¤ ¤ ¤
13 l

F(kl ) ( r x x )l (18)

where

F(kl ) =
1
Sl
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0
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l 1 +

1
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The incremental method is adopted together with the change of
strains in the � ber direction to examine the geometric nonlinearity
associated with deformation. If the material is subjected to mono-
tonic tensile or compressive loading Nx x in the x direction, the
incremental strain of the lth thin slice in the loading direction is
obtained as

( D e x x )l = ad
x x D Nx x (19)

where ad
x x is the differential compliance obtained by substituting

2 r x x for r x x and 3 r 2
x x for r 2

x x in Eq. (7) and following the proce-
dures in Eqs. (11–14). For the case of bending loading, a moment
component perpendicular to the x– z plane, Mx x , is applied to the
compositematerial.The incrementalstrain D e x x andcurvature D j x x

for the given incremental bending moment in the lth thin slice are
obtained as

( D e x x )l = bd
x x + dd

x x zl D Mx x (20a)

D j x x = dd
x x D Mx x (20b)
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where bd
x x and dd

x x are the differentialcompliancesobtained by sim-
ilar procedures as used for obtaining ad

x x . The correspondingincre-
mental stress in the loadingdirectionfor the lth thin slice is obtained
from

( D r x x )l = Ed ¤ ¤ ¤
x l

( D e x x )l (21)

where (E d ¤ ¤ ¤
x )l is given in Appendix B.

The average strain increment of the � ber in the lth thin slice for
an applied uniaxial stress in the x direction is given by

( D e f )l = Sd ¤ ¤ ¤
11 l

¡ Sd ¤ ¤ ¤
13 l

F(kl ) + Sd ¤ ¤ ¤
13 l

( D r x x )l (22)

where (Sd ¤ ¤ ¤
11 )l and (Sd ¤ ¤ ¤

13 )l are given in Appendix B.
The current stresses and strains are determined when the r th in-

crementsare added to the earlierstate of stress and strain as follows:

[( r x x )l ]r =
r

i = 1

[( D r x x )l]i (23a)

[( e x x )l]r = exp
r

i = 1

[( D e xx )l ]i ¡ 1 (23b)

[( e f )l]r = exp
r

i = 1

[( D e f )l ]i ¡ 1 (23c)

The changed wavelength and length of the � ber in the lth thin slice
are calculated from these strains as follows:

( k l )r = ( k l )0{1 + [( e x x )l ]r } (24a)

(Sl )r = (Sl)0{1 + [( e f )l]r } (24b)

To determine the change of shape of � ber waviness during the load
increment, it is assumed that the � bers in each thin slice maintain
a similar sinusoidal shape of waviness while varying only in their
amplitude al and wavelength k l . The amplitude of waviness in the
thin slice for the r th step loading is determined by Eqs. (16) and
(24) using the Newton–Raphson method. From these newly deter-
mined valuesof amplitude (al )r and changedwavelength ( k l )r from
Eq. (24a), the changed angle (h l)r between the tangent to the � ber
and x axis is obtained from Eq. (1). With this changed angle, cal-
culations from Eqs. (16–24) are repeated for the (r + 1)th step of
loading. These repeated procedures continue till the � nal value of
loading is reached.

Experimental Procedures
The material investigated in this study was DMS 2224 graphite/

epoxy composite material (Hexcel, Inc.). Tensile and compressive
tests were conducted, in an MTS servo-hydraulic testing machine,
with the standard composite coupons without � ber waviness to ob-
tain the elastic properties and higher order compliances.The IITRI
compression test � xture was used in the experiments for compres-
sive loading.

A specialfabricationtechniquewas developedforproducingthick
composites plates with controlled uniform � ber waviness. Molds
with various sinusoidalwave shapes were used to fabricatethe com-
posite plates with � ber waviness in an autoclavefollowinga special
two-step curing cycle.8 Specimens with three waviness ratios (am-
plitude/wavelength) with a wavelength of 20 mm were obtained
from the fabricated plates. The � ber waviness ratios were 0.011,
0.034, and 0.059. The test coupons were 150 mm long and 10 mm
wide with various thicknesses ranging between 5.2 and 10 mm.

The test couponswere instrumentedwith commerciallyavailable
strain gauges (EA and CA gauges from Measurements Group, Inc.)
for measuring longitudinaland transversestrains.The strain gauges
were bondedon the specimen surfaceswith M-Bond 200 (Measure-
ments Group, Inc.). The strain gauge outputs were conditioned and
ampli� ed througha dynamic strain bridgeconditionerand ampli� er
(Shinkoh, Inc.) and recorded by a data acquisition system installed
in the control system (MTS Test Star II). The acquired data were
transferredto a personalcomputerand storedon a hard disk. A four-
point-bending test � xture was designed and fabricated to conduct
� exural tests. Geometries of four-point-bendingcouponsare shown
in Fig. 2. The de� ection at the center of the span of the composite

Table 1 Mechanical properties of DMS 2224
graphite/epoxy composite

Property Value

Tensile longitudinalmodulus E1t , GPa 120
Tensile transverse modulus E2t , GPa 9.07
In-plane shear modulus G12 , GPa 4.73
Tensile major Poisson’s ratio m 12t 0.286
Tensile minor Poisson’s ratio m 21t 0.022
Compressive longitudinal modulus E1c , GPa 122
Compressive transverse modulus E2c, GPa 9.11
Compressive major Poisson’s ratio m 12c 0.293
Compressive minor Poisson’s ratio m 21c 0.022

Fig. 2 Schematic drawing of four-point-bending test geometries.

Fig. 3 Predicted and experimentally obtained normalized Young’s
moduli as a function of � ber waviness ratio for the uniform � ber wavi-
ness model.

specimen was measured with a homemade displacement transducer
because the composite material was loaded under pure bending in
that section.Tensile,compressive,and four-point-bendingtestswere
conducted while monitoring the de� ections, strains, and applied
loads.

Results and Discussion
The mechanicalpropertiesand higher-ordercompliancesfor ma-

terial nonlinearity were obtained from tensile and compressive
stress–strain curves and are listed in Tables 1 and 2, respectively.

Figure 3 shows the comparison between the predictions and the
experimental results for the normalized Young’s modulus (Ex / El )
as a function of � ber waviness ratio for the uniform � ber wavi-
ness model. It is seen from Fig. 3 that a signi� cant reduction of
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Table 2 Compliances of DMS 2224 graphite/epoxy composite

Compliances Values Compliances Values

S11t , GPa ¡ 1 0.008333 S11c, GPa ¡ 1 0.008217
S111t , GPa ¡ 2 ¡ 0.0003361 S111c , GPa ¡ 2 ¡ 0.0005383
S1111t , GPa ¡ 3 0.00005745 S1111c , GPa ¡ 3 0.0007787
S33t (S22t ), GPa ¡ 1 0.1102 S33c (S22c ), GPa ¡ 1 0.1097
S333t (S222t ), GPa ¡ 2 ¡ 0.02610 S333c (S222c ), GPa ¡ 2 0.1186
S3333t (S2222t ), GPa ¡ 3 1.580 S3333c (S2222c ), GPa ¡ 3 1.476
S13t (S12t ), GPa ¡ 1 ¡ 0.002384 S13c (S12c ), GPa ¡ 1 ¡ 0.002415
S23t , GPa ¡ 1 ¡ 0.04188 S23c, GPa ¡ 1 ¡ 0.04171
S66t (S55t ), GPa ¡ 1 0.2115 S66c (S55c ), GPa ¡ 1 0.2294
S6666t (S5555t ), GPa ¡ 3 50.13 S6666c (S5555c ), GPa ¡ 3 17.18

Fig. 4 Predicted and experimentally obtained normalized Poisson’s
ratiosas a function of � ber waviness ratio for the uniform � ber waviness
model.

Fig. 5 Predicted and experimentally obtained � exural stiffnesses as a
function of � ber waviness ratio for the uniform � ber waviness model.

Young’s modulus is observed as the � ber waviness ratio increases.
The rate of reduction for Ex increases up to a � ber waviness ratio
of 0.04, then, decreases gradually. Figure 4 shows the comparison
between the predictionsand the experimentalresults for the normal-
ized Poisson’s ratio (m x y / m 12 ) as a functionof � ber waviness ratio for
the uniform � ber wavinessmodel. As shown in Fig. 4, m x y decreases
up to a � berwavinessratio of 0.08 and then increasesafter thatvalue.
Figure 5 shows comparisonsbetween the predictionsand the exper-
imental results for the normalized � exural stiffnesses, Dx x / D11 and
Dx y / D12 , as a function of � ber waviness ratio for the uniform � ber
waviness model. It is seen from Fig. 5 that a signi� cant reduction
of the � exural modulus Dx x is observed as the � ber waviness ra-
tio increases. Dx y decreases moderately and increases slightly with
� ber waviness ratio. It is observed from Figs. 3–5 that the predicted
elastic values are in good agreement with the experimental results.

Fig. 6 Predicted and experimentally obtained tensile stress–strain
curves for the uniform � ber waviness model with various � ber wavi-
ness ratios.

Fig. 7 Predicted and experimentally obtained compressive stress–

strain curves for the uniform � ber waviness model with various � ber
waviness ratios.

Figures 6 and 7 show comparisonsbetween the predictedand ex-
perimentally obtained tensile and compressive stress–strain curves
for the uniform � ber waviness model, respectively. It is noted in
Figs. 6 and 7 that the tensile as well as the compressive behavior of
composites is strongly in� uenced by the degree of � ber waviness. It
is also observedthat the strengthof the compositematerialdecreases
while the ultimate strain increases with increase of � ber waviness
ratio,which indicatesthat the failure of composites is stronglyin� u-
encedby the degreeof � berwaviness.It is shown in Figs. 6 and 7 that
the stress–strain curves under tensile loading show more stiffening
than those under compressive loading. These results are believed to
be associated with the role of geometric nonlinearity due to � ber
waviness.The composite couponswith � ber waviness under tensile
loading tend to stretch the wavy � bers so that they stiffen during
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Fig. 8 Predicted and experimentally obtained bending moment-
de� ection curves for the uniform � ber waviness model with various
� ber waviness ratios.

the deformation.However, the coupons under compressive loading
tend to undulatethe wavy � bers further so that they softenduring the
deformation.Figure 8 shows the comparison between the predicted
and experimentallyobtained bendingmoment-de� ection curves for
uniform � ber waviness. It is shown that the � exural behavior of the
compositematerial is also strongly in� uenced by the degree of � ber
waviness ratio. The predicted curves are in good agreement with
experimental results.

Conclusions
A constitutive model was proposed to study the effects of � ber

waviness on nonlinear behaviorof compositematerials. Elastic ten-
sile, compressive, and � exural properties and behavior of the com-
posites were predicted. The material and geometric nonlinearities
due to � ber waviness were incorporated in the analysis.

A special fabrication technique was developed to produce thick
composite specimenswith controlleduniform � ber waviness ratios.

Mechanicalcharacterizationwas conductedon the composites to
determine the mechanical properties and higher-order compliances
for material nonlinearity.

Tensile, compressive,and � exural tests were conductedon speci-
mens with � berwaviness in a servo-hydraulictestingmachine while
monitoring the applied loads, de� ections, and strains on the surface
of the specimens.

It was found that the � ber waviness in the composite material
caused notable changes in the behavior of composites and that the
experimental results were in good agreement with the predictions
based on the constitutive model.

Appendix A: Plane-Stress Moduli
Plane-stress moduli in Eq. (11) are calculated as

Q ¤ ¤
x x l

= C ¤ ¤
11 l

+
C ¤ ¤

13 l
C ¤ ¤

13 l
C ¤ ¤

55 l
+ C ¤ ¤

15 l
C ¤ ¤

15 l
C ¤ ¤

33 l
¡ 2 C ¤ ¤

13 l
C ¤ ¤

15 l
C ¤ ¤

35 l

C ¤ ¤
35 l

C ¤ ¤
35 l

¡ C ¤ ¤
33 l

C ¤ ¤
55 l

Q ¤ ¤
x y l

= Q ¤ ¤
yx l

= C ¤ ¤
12 l

+
C ¤ ¤

13 l
C ¤ ¤

23 l
C ¤ ¤

55 l
+ C ¤ ¤

15 l
C ¤ ¤

25 l
C ¤ ¤

33 l
¡ C ¤ ¤

13 l
C ¤ ¤

25 l
C ¤ ¤

35 l
¡ C ¤ ¤

15 l
C ¤ ¤

23 l
C ¤ ¤

35 l

C ¤ ¤
35 l

C ¤ ¤
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¡ C ¤ ¤
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C ¤ ¤
55 l

Q ¤ ¤
yy l

= C ¤ ¤
22 l

+
C ¤ ¤
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C ¤ ¤
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C ¤ ¤
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25 l
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25 l
C ¤ ¤

33 l
¡ 2 C ¤ ¤

23 l
C ¤ ¤

25 l
C ¤ ¤
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(A1)

Appendix B: Differential Compliances
The differential compliances in Eq. (22) are calculated as

Sd ¤ ¤ ¤
11 l

= S11 I1 + (2S13 + S55) I3 + S33 I5 + 2( r x x )l(S111 I9

+ S333 I13) + 3( r x x )2
l (S1111 I9 + S3333 I18 + S5555 I16) (B1)

where

I1 =
1 + cl / 2

(cl + 1)
3
2

, I3 =
cl / 2

(cl + 1)
3
2

I5 = 1 ¡
1 + 3cl / 2

(cl + 1)
3
2

, I9 =
1 + cl + 3c2

l 8

(cl + 1)
5
2

I13 = 1 ¡
1 + 5cl /2 + 15c2

l 8

(cl + 1)
5
2

, I16 =
3c2

l 8 + c3
l 16

(cl + 1)
7
2

I18 = 1 ¡
1 + 7cl /2 + 35c2

l 8 + 35c3
l 16

(cl + 1)
7
2

Sd ¤ ¤ ¤
13 l

= (S11 + S33 ¡ S55) I3 + S13 I2 + 2( r x x )l (S111 I10

+ S333 I12) + 3( r x x )2
l (S1111 I15 + S3333 I17 ¡ S5555 I16) (B2)

where

I2 = 1 ¡
c1

(cl + 1)
3
2

, I10 =
cl /2 + c2

l 8

(cl + 1)
5
2

I12 =
3c2

l 8

(cl + 1)
5
2

, I15 =
cl / 2 + c2

l 4 + c3
l 16

(cl + 1)
7
2

I17 =
5c3

l 16

(cl + 1)
7
2

where cl is the same expression as Eq. (16).
The differentialYoung’s modulus in Eq. (21) is calculated as

Ed ¤ ¤ ¤
x l

= 1 Sd ¤ ¤ ¤
11 l

(B3)
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