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Nonlinear Behavior of Thick Composites
with Uniform Fiber Waviness
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A constitutive model was proposed to study the effects of fiber waviness on the elastic properties and nonlinear
behavior of unidirectional composites under tensile, compressive, and flexural loadings. The material and geometric
nonlinearities due to fiber waviness were incorporated in the analyses. Specimens with various degrees of fiber
waviness were fabricated. Tensile, compressive, and flexural tests were conducted to verify the predictions obtained
from the model. Experimental results were in good agreement with the predictions.

Nomenclature
A_ij, B_ij, D_,I = average stiffnesses of a representative
_ _ volume element
a;;, b, c;, d;; = average compliances of a representative
volume element
a = amplitude of fiber waviness in the /th
. thin slice
ad bl d¢ = differential compliances of a representative
volume element
(C;Z), = off-axis stiffnesses of an infinitesimally
short subelement of the /th thin slice
ds;, S = fiber length in an infinitesimally short
subelement and fiber length in the /th
_ thin slice
E,, (E®™), = Young’s modulus and tangential Young’s
modulus in the /th thin slice
h = laminate thickness
N, M = force and moment resultants
Ql‘:* = plane-stress moduli neglecting
the higher-order stress terms
( Q;‘j"), = plane-stress moduli of an infinitesimally
short subelement of the /th thin slice
[R] = Reuter matrix
Sij’ Siii’ Siiii = COmplianCeS
[S*], S5 = on-axis compliance matrix and elements
[S**] = off-axis compliance matrix
[S**] = off-axis compliance matrix under
_ x-direction loading
(S5 = average compliances for a representative
_ volume element
[(S**),], (S;}**), = average compliance matrix and elements
in the /th thin slice
[T] = transformation matrix
w* = complementary energy density function
Z = distance from the midplane to the /th
thin slice

A Exxs (A Exx )l
(AZp)

= incremental strain along x direction
= incremental average fiber strain in the /th
thin slice
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Ak, = incremental curvaturein a representative
volume element

(Ao, ) = incremental stress in x direction
for the /th thin slice

i, [eli23, [€ls,y, = strains

(&), (Ep) = fiber strain of an infinitesimally short
subelement and average fiber strain
in the /th thin slice

[(&)i]e,y, = strain in the /th thin slice

g0 = effective middle surface extensional strain
in a representative volume element

[°], = middle surface extensional strain of an
infinitesimally short subelement

0,6 = angle between the tangent to the fiber
and x axis

K = effective curvature in a representative
volume element

[x]s = overall laminate curvature of an
infinitesimally short subelement

A = wavelength of fiber waviness in the /th
thin slice

Viy = Poisson’s ratio

Gij, [o]i23, [Cf]x,y,z = stresses

[(o)]ey. = stress in the /th thin slice

T = shear stresses

Introduction

IBER waviness is one of the manufacturing defects frequently

encountered in thick composite structures. It results from lo-
cal buckling of prepregs, or from wet hoop-wound filament strands
under the pressure exerted by the overwrapped layers during the fil-
ament winding process, or from laminationresidual stresses built up
during curing. Its characteristicscan be represented by the thickness
undulation of fibers within a thick composite laminate.

A number of studies have been conducted on the behavior of
thick composites with fiber waviness. Shuart! considered both in-
plane and out-of-plane fiber waviness in a microbucklingmodel for
multidirectional laminates. Bogetti et al.? applied laminated plate
theory to a model to predict stiffness and strength reduction due
to layer waviness. Telegadas and Hyer® conducted finite element
analyses on composites with fiber waviness. Chou and Takahashi*
predicted the tensile stress-strain response of flexible wavy fiber
composites. Hsiao and Daniel’>~7 investigated the effect of fiber
waviness on compressive behavior of thick composites. However,
integrated studies of the effects of fiber waviness on nonlinear be-
havior of unidirectional compositesunder various loadingshave not
been conducted.
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In this study, the nonlinear behavior of thick composites with
fiber waviness was investigated theoretically and experimentally
under tensile, compressive, and flexural loadings.

Analysis

Unidirectionalcomposites examined are composed of continuous
fibers with sinusoidal waviness in a matrix. Because of material as
well as geometric factors, the mechanicalbehaviorof these compos-
ites is generally nonlinear under finite deformation. A constitutive
model is proposed for predicting the elastic propertiesand nonlinear
behaviorof composites with fiber waviness. Uniform fiber waviness
is assumed in the analysis.

Figure 1 shows a representative volume element encompassing
one period of uniform fiber waviness. It is assumed that all fibers
are parallel to each other and have sinusoidal curvature along one
coordinate direction (x axis). The representative volume element is
then divided into thin slices along the thickness direction (z axis).
Then each thin slice can be consideredas a thin ply with varying fiber
orientation along the x axis. Each infinitesimally short subelement
in each thin slice can be treated as an off-axis unidirectionallamina.

For the /th thin slice, the fiber orientationis given by

0, = tan"[(27ma,/ X)) cos(Qmx/ A)] (1)

The complementary energy density function W* is used to incor-
porate the material nonlinearity in the model. For nonlinear elastic
composites, the fourth-order expansion of W* is considered:

f_lg o2 41 16,2 +Lg 2
W* =180}, + 35005, + 28305 + 28515, + 28557
1 2 41 3041 30,1 3041 4
+ 38667 T 3811107 + 38005, + 38333055 + 7801107
1 4 41 4 41 4 41 4
+ 1502005, + 78333303 + 7SuaaTy; + 78555575

|
+ 2566667;‘2 + $1,01109, + 813011033 + S1305,033 2)

The strain-stress relations can be derived from the complementary
energy density as follows:

owr

(3)

gij =

where i, j =1, 2, 3,4, 5, 6 in contracted notation. If the nonlinear
coupling terms between normal and shear stresses are neglected,
the strain-stress relations referred to material coordinates can be
expressed in the following matrix form:

[8]1,2,3 = [S*][G]l,2,3 4)

where the corresponding compliances are expressed as follows:

/

dsS,

T
\\&Zl

\bi%/ \W z{é

Off —AXxIs

= Y
/

St =Su+ Simon + Sunoy,
83 = Sn * $1m0m + Snnoy,
S5 = S + S333033 + Si330%
Sy = Su + S44447223’ S35 = Sss + 555557123
Sgs = Ses + 56666‘5122, S5, =8, =Sn
Sty =S5 = Si3, Sy =85, =55
For composites with off-axis fiber orientation on the x-z plane,

the strain-stress relationsreferred to the loading coordinatescan be
obtained by using the following transformation relation:

leley: = [RITT' RIS T N0l . = [$™ o), y.  (5)

where
rm?> 0 n®> 0 2mn 07
0 1 0 O 0 0
n? 0 m*> 0 —2mn 0
[T]=
0 0 0 m 0 -n
-mn 0 mn 0 m?>-n* 0
L O 0 0 n 0 m _|
1 00 0 0O
01 0 0 0O
001 0 O0O0
[R] =
00 02 00
00 0 020
00 0 0 0 2

where m = cos6 and n = sin 0.

For composites under tensile, compressive, and constant flexural
loadings, it is reasonableto assume that the loadings cause only nor-
mal stress in the longitudinal direction. Therefore, all other compo-
nents of normal and shear stress are zero. For a particular thin slice,
the stress components in the material coordinates for the infinites-
imally short subelement are obtained by coordinate transformation
as

2 2
O11 = M Oxy, 033 = " Oy, Ty3 = —MNOy,

Op =T3 =15 =0 6)

AT

Thin Slice

Ut/b/ Flement

8=

pth (Carpet Model)

Fig.1 Schematic drawing of a representative volume element and coordinates for unidirectional composite with uniform fiber waviness.
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From these relations, the strain-stress relations, Eq. (5), for com-
posite materials with out-of-plane fiber orientation are reduced to
the following:

[eley.: =[50y ™

The lengthwiseaverage strain-stressrelations for each thin slice are
obtained by integrating the transformed compliances over a period
of waviness:

[(@ey: = [ ]l(0)]s .z @)

where

(F) ll / S***

The average compliances for a representative volume element are
obtained by summing the effects of all thin slices:

1 hl2
(S;;**)C Z S*** dZ — / S;;** dz (9)
—hl/2

The effective elastic properties for composites with fiber waviness
are obtained by the following relations after dropping the compli-

ance terms of higher order:
E, =1/(57). -[&7)./(57).]  ao

If the lateral dimensions (x-y plane) of the composite material
are much larger than its thickness (z direction) and the laminate is
loaded only in this plane (x-y plane), it is reasonable to adopt the
classical lamination theory. Stresses in the short subelement at a
distantce z; from the midplane are expressed in terms of the middle
surface extensional strain [¢°], and overall laminate curvature [x],
as follows:

(o)t (0), (em), o
@ | =[(en), (en), o
(Txy)l s 0 0 (Q?:( ) i T,?y

(o), (o), o K
val(en), (@), o | |x an
0 0o (2m),] Lo,
where ( Q;‘j*), are plane-stress moduli calculated from off-axis stiff-
nesses (C;7); and [(C*)]; =[(S*),]7" and are given in Appendix
A. The resultant forces N and moments M for a representative vol-
ume element are obtained by integrating the effects for all infinites-

imally short subelements and stiffness over a period of wavelength.
Thus, the force and moment resultants are obtained as follows:

N A|B] [0
-l =-- - (12)
M B|D K
where
| M phl2 | M phl2
A =I/ Q7 dzdx, B;; =/l_/ / zQ;dzdx
1 Jo —hl2 1 Jo —hl2

1 M phl2

. 2 *k

Dij—I/ / 2°Q;; dzdx
1 Jo ~h/2

The effective flexural properties for composite material with fiber
waviness are obtained from the following relations:

_ 1 M phl2 »
D;; =—/ / zfoj dz dx (13)
A 0 —h/2

where [Qlf’;*] are obtained from [Q[] in Eq. (11) by dropping the
compliance terms of higher order.
Equation (12) can be expressed in the alternate form through

matrix inversion:
gl alb N
—{=--1- (14)
K cld | | M

where
lal =[A]"" + [A]"'[BI(ID] - [BIA]'[B]) ™' [BI[A]™!
[p] = —[A]"'[BY(ID] - [BIA]"'[B])'
[e] = = D] - [BILAT"'[BD)~'[BIA]™
[d] = ((D] - [BIA]'[B])!

Geometric nonlinearity is introduced when the shape of fiber
wavinessin arepresentativevolume elementis changedduring load-
ing. The fiber length dS; in an infinitesimally short subelement of
length dx of the /th thin slice is obtained as

dS; = +/dx? + dx2tan? 6, (15)

The total length of fiber in one period of waviness of the /th thin
slice is obtained as follows using the elliptic integral of the second

kind:
S,=/ dS,— / v 1=k sin> Bdp
0 w/l—k2

=A|1+2 i + 13 i 2+90 K 3+ (16)
=M 3 0 3) T

where ¢, =(2ma;/ 2)* and k} =¢,/(¢; + 1).

Because k; is smaller than 1, this series converges. The strain in
the fiber direction of an infinitesimally short subelementis given in
terms of strains along the loading coordinates by

(gf)l = COSZ el(gxx)l + Sinz 9[(822)1 + sin 9[ Cos el(yxz)l (17)

The average fiber strain in the /th thin slice along the fiber direction
is obtained as

1 !
(S_f)l = ? / cos’ O (e ) + sin’® 0,(g..); + sin 6 cos 6 (y,,); dS;
L Jo

= {(Sf?*), + [(Sf“f“*), - (Sr;*),]F(kn}(%), (18)

where

1" 1 9
F(kz)=§/ C05291d51=(1—k,2)<1+4k2+ak4
L Jo

ﬂkﬁ 1225 e+ 3969 NI 1—lk,2
5127 7 16,384 65,536 4
310 6 175 4

. 441 KO+ ...
64 5127" 16,384 65536
The incremental method is adopted together with the change of
strains in the fiber direction to examine the geometric nonlinearity
associated with deformation. If the material is subjected to mono-
tonic tensile or compressive loading N,, in the x direction, the

incremental strain of the /th thin slice in the loading direction is
obtained as

(Agxx)l = a_‘f(A ]vxx (19)

where ad_is the differential compliance obtained by substituting
20, for o,, and 302, for o2, in Eq. (7) and following the proce-
dures in Egs. (11-14). For the case of bending loading, a moment
component perpendicular to the x-z plane, M, is applied to the
compositematerial. The incrementalstrain Ag,, and curvature Ak,
for the given incremental bending moment in the /th thin slice are
obtained as

(Aey) = (b4, +dd z)AM,, (20a)

Ak =di AM,, (20b)
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where b_‘j( and d_f( are the differential compliances obtained by sim-
ilar procedures as used for obtaininga¢ . The correspondingincre-
mental stress in the loading direction for the /th thin slice is obtained
from

(Ao = (ET™) (s @1

where (E4"™"), is given in Appendix B.
The average strain increment of the fiber in the /th thin slice for
an applied uniaxial stress in the x direction is given by

@z ={[ (T, - 557), | + (577) Jaoon @

where (8¢, and (S¢,""), are given in Appendix B.
The current stresses and strains are determined when the rth in-
crementsare added to the earlierstate of stress and strain as follows:

[(Gxx)l]r = Z[(Aaxx)l]i (233)
i=1

[(gxx)l]r = exp{ Z[(Ag,\'x )l]i} -1 (23b)
i=1

(Gl = exp{ Z[(Ag_f)l]i} -1 (23¢)
i=1

The changed wavelength and length of the fiber in the /th thin slice
are calculated from these strains as follows:

(), = (X)ofl + [(er)i],} (24a)

(S, =(S)ofl +[ED)] ) (24b)

To determine the change of shape of fiber waviness during the load
increment, it is assumed that the fibers in each thin slice maintain
a similar sinusoidal shape of waviness while varying only in their
amplitude a; and wavelength A;. The amplitude of waviness in the
thin slice for the rth step loading is determined by Egs. (16) and
(24) using the Newton-Raphson method. From these newly deter-
mined values of amplitude (a;), and changed wavelength (4;), from
Eq. (24a), the changed angle (6,), between the tangent to the fiber
and x axis is obtained from Eq. (1). With this changed angle, cal-
culations from Egs. (16-24) are repeated for the (r + 1)th step of
loading. These repeated procedures continue till the final value of
loading is reached.

Experimental Procedures

The material investigatedin this study was DMS 2224 graphite/
epoxy composite material (Hexcel, Inc.). Tensile and compressive
tests were conducted, in an MTS servo-hydraulic testing machine,
with the standard composite coupons without fiber waviness to ob-
tain the elastic properties and higher order compliances. The IITRI
compression test fixture was used in the experiments for compres-
sive loading.

A specialfabricationtechnique was developedfor producingthick
composites plates with controlled uniform fiber waviness. Molds
with various sinusoidal wave shapes were used to fabricatethe com-
posite plates with fiber waviness in an autoclave following a special
two-step curing cycle® Specimens with three waviness ratios (am-
plitudeAvavelength) with a wavelength of 20 mm were obtained
from the fabricated plates. The fiber waviness ratios were 0.011,
0.034, and 0.059. The test coupons were 150 mm long and 10 mm
wide with various thicknessesranging between 5.2 and 10 mm.

The test coupons were instrumented with commercially available
strain gauges (EA and CA gauges from Measurements Group, Inc.)
for measuring longitudinal and transverse strains. The strain gauges
were bonded on the specimen surfaces with M-Bond 200 (Measure-
ments Group, Inc.). The strain gauge outputs were conditioned and
amplified through a dynamic strain bridge conditionerand amplifier
(Shinkoh, Inc.) and recorded by a data acquisition system installed
in the control system (MTS Test Star IT). The acquired data were
transferredto a personal computer and stored on a hard disk. A four-
point-bending test fixture was designed and fabricated to conduct
flexural tests. Geometries of four-point-bendingcoupons are shown
in Fig. 2. The deflection at the center of the span of the composite

Table1 Mechanical properties of DMS 2224
graphite/epoxy composite

Property Value
Tensile longitudinal modulus E,, GPa 120
Tensile transverse modulus E»,, GPa 9.07
In-plane shear modulus G,, GPa 4.73
Tensile major Poisson’s ratio vy, 0.286
Tensile minor Poisson’s ratio v»1; 0.022
Compressive longitudinal modulus E ., GPa 122
Compressive transverse modulus E,., GPa 9.11
Compressive major Poisson’s ratio vja, 0.293
Compressive minor Poisson’s ratio vy, 0.022

= |PLs/2

E

=

2

= >

P2 P/2

Fig.2 Schematic drawing of four-point-bending test geometries.
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Fig. 3 Predicted and experimentally obtained normalized Young’s
moduli as a function of fiber waviness ratio for the uniform fiber wavi-
ness model.

specimen was measured with a homemade displacementtransducer
because the composite material was loaded under pure bending in
thatsection. Tensile,compressive,and four-point-bendingtests were
conducted while monitoring the deflections, strains, and applied
loads.

Results and Discussion

The mechanical properties and higher-ordercompliances for ma-
terial nonlinearity were obtained from tensile and compressive
stress-strain curves and are listed in Tables 1 and 2, respectively.

Figure 3 shows the comparison between the predictions and the
experimental results for the normalized Young’s modulus (E,/ E;)
as a function of fiber waviness ratio for the uniform fiber wavi-
ness model. It is seen from Fig. 3 that a significant reduction of
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Table2 Compliances of DMS 2224 graphite/epoxy composite
Compliances Values Compliances Values
i1, GPa™! 0.008333 Si1e, GPa™! 0.008217
Si117, GPa™2 —0.0003361 Si11e, GPa™2 —0.0005383
Sii11,, GPa™3 0.00005745 Si111e, GPa™3 0.0007787
$33:(822,), GPa~! 0.1102 S33¢(822¢), GPa™! 0.1097
$333:(S222;), GPa™?2 —0.02610 $333¢(S222¢), GPa™2 0.1186
S3333¢(S2222,), GPa™> 1.580 S3333¢(S2022c), GPa ™2 1.476
S13:(S12;), GPa™! —0.002384 S13¢(S120), GPa™! —0.002415
So3;, GPa™! —0.04188 S>30, GPa™! —0.04171
Se6:(Ss5¢), GPa™! 0.2115 Sec(Sssc), GPa™! 0.2294
See66:(Sssss), GPa™ 50.13 Se666¢(S55550), GPa™> 17.18
2.5 800 7
: 700 :_ // o A
] ; /0000
=] £ 2
£ 27 600 [ /
, 1 [ p
o 1 r J 0.011
S 1 Tensile v xy/ V12(prediction) £ 500
2 Ls ] - Compressive Vxy/ V12(prediction) z, [ 0.034
% | ¢ Tensile v xy/ V12(experiments) S 400 F -
8 ¢ Compressive Vxy/ VI2(experiments) z N - 0.059
3 g S0 | = ‘
E & 300 | L -
5 g r , .-
Z 14 o [ 7 P
| =L e T 200 7 ’_,/’
i T r - experiments
i 100 ¢ O e predictions
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Fig. 4 Predicted and experimentally obtained normalized Poisson’s
ratios as a function of fiber waviness ratio for the uniform fiber waviness
model.
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Fig.5 Predicted and experimentally obtained flexural stiffnesses as a
function of fiber waviness ratio for the uniform fiber waviness model.

Young’s modulus is observed as the fiber waviness ratio increases.
The rate of reduction for E, increases up to a fiber waviness ratio
of 0.04, then, decreases gradually. Figure 4 shows the comparison
between the predictions and the experimentalresults for the normal-
ized Poisson’s ratio (v, / vi,) as a function of fiber wavinessratio for
the uniform fiber waviness model. As shown in Fig. 4, v,, decreases
uptoa fiber wavinessratio of 0.08 and then increasesafter that value.
Figure 5 shows comparisons between the predictions and the exper-
imental results for the normalized flexural stiffnesses, D,/ D, and
D,/ D,,, as a function of fiber waviness ratio for the uniform fiber
waviness model. It is seen from Fig. 5 that a significant reduction
of the flexural modulus D,, is observed as the fiber waviness ra-
tio increases. D,, decreases moderately and increases slightly with
fiber waviness ratio. It is observed from Figs. 3-5 that the predicted
elastic values are in good agreement with the experimental results.

Strain, €, %

Fig. 6 Predicted and experimentally obtained tensile stress-strain
curves for the uniform fiber waviness model with various fiber wavi-
ness ratios.
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Fig. 7 Predicted and experimentally obtained compressive stress—
strain curves for the uniform fiber waviness model with various fiber
waviness ratios.

Figures 6 and 7 show comparisons between the predicted and ex-
perimentally obtained tensile and compressive stress-strain curves
for the uniform fiber waviness model, respectively. It is noted in
Figs. 6 and 7 that the tensile as well as the compressive behavior of
compositesis strongly influenced by the degree of fiber waviness. It
is also observedthatthe strength of the compositematerialdecreases
while the ultimate strain increases with increase of fiber waviness
ratio, which indicates that the failure of compositesis strongly influ-
encedby the degree of fiber waviness.Itis shownin Figs. 6 and 7 that
the stress-strain curves under tensile loading show more stiffening
than those under compressive loading. These results are believed to
be associated with the role of geometric nonlinearity due to fiber
waviness. The composite coupons with fiber waviness under tensile
loading tend to stretch the wavy fibers so that they stiffen during
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Fig. 8 Predicted and experimentally obtained bending moment-
deflection curves for the uniform fiber waviness model with various
fiber waviness ratios.

the deformation. However, the coupons under compressive loading
tend to undulatethe wavy fibers further so that they soften during the
deformation. Figure 8 shows the comparison between the predicted
and experimentally obtained bending moment-deflection curves for
uniform fiber waviness. It is shown that the flexural behavior of the
composite material is also strongly influenced by the degree of fiber
waviness ratio. The predicted curves are in good agreement with
experimental results.

Conclusions

A constitutive model was proposed to study the effects of fiber
waviness on nonlinear behavior of composite materials. Elastic ten-
sile, compressive, and flexural properties and behavior of the com-
posites were predicted. The material and geometric nonlinearities
due to fiber waviness were incorporatedin the analysis.

A special fabrication technique was developed to produce thick
composite specimens with controlled uniform fiber waviness ratios.

Mechanical characterizationwas conducted on the composites to
determine the mechanical properties and higher-order compliances
for material nonlinearity.

Tensile, compressive,and flexural tests were conducted on speci-
mens with fiber wavinessin a servo-hydraulictesting machine while
monitoring the applied loads, deflections, and strains on the surface
of the specimens.

It was found that the fiber waviness in the composite material
caused notable changes in the behavior of composites and that the
experimental results were in good agreement with the predictions
based on the constitutive model.

Appendix A: Plane-Stress Moduli

Plane-stress moduli in Eq. (11) are calculated as

(cr)(ci) () + (Crs*),(
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Appendix B: Differential Compliances
The differential compliancesin Eq. (22) are calculated as

(Siil***)l =Sl + (2813 + Sss) 5 + Sy3ls + 2(0,,)1(S111 1o

+ S333143) + 3(C7xx)12(5111119 + S3333015 + Sssss116) (B1)
where
14+¢/2 2
odter o an
(a+1)? (a+1)?
1+ 3¢,/2 1+¢+3¢ /8
15 = - —3 Ig = —5
(a+1)? (a+1)?
1 +5¢/2+ 15¢2 /8 3c2/8+ ¢ /16
I3 =1- 5 , 6 = ——————
(a+1)? (a+1)?
s lrTanny 35¢2 /8 + 35¢} /16
18 =1-—

-
(a+ D2

(Sfi;**)l =(Su + S5 = Sss) I3 + Sizlr + 2(0)i(S111 Lo

+ S33311,) + 3(C7xx)12(51111115 + S3333017 — Sssssli6) (B2)
where
al2+c2/8
L=1-—1— 110=4
(cr+1)2 (a+1)?
3c2/8 al2+clfa+c /16
I, = =, 15 = -
(a+1)? (a+1)?
5¢3 /16
Iy = ———~
(¢ + 1)?

where ¢; is the same expression as Eq. (16).
The differential Young’s modulus in Eq. (21) is calculated as

(ETT), =1/(5%7),
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